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Abstract 



This paper is a rigorous study of the dual pair structure of the ideal fluid 

([Marsden and Weinstein(1983)]) and the dual pair structure for the n-dimensional 

\^ [ Camassa-Holm (EPDiff) equation ([Holm and Marsden(2004)]), including the proofs 

^^ ' of the necessary transitivity results. In the case of the ideal fluid, we show that a 

r^ • careful definition of the momentum maps leads naturally to central extensions of 

C^ , diffeomorphism groups such as the group of quantomorphisms and the Ismagilov 

central extension. 



> ■ Contents 



1 Introduction 2 



[^^ ■ 2 Dual pairs in infinite dimensions 4 

O. 

3 Momentum maps and central extensions 9 



4 Dual pair for Euler equation 18 

x: 

H . 5 Dual pair for EPDifi" equation 22 

6 A map between dual pairs 26 

A Appendix 28 

A.l The hat calculus 28 

A. 2 Momentum maps and nonequivariance 31 

References 32 



^Control and Dynamical Systems, California Institute of Teehnology 107-81, Pasadena, CA 91125, 

USA. fgbalmaz@cds.caltech.edu 

^LMD, Ecolc Normale Supcrieure/CNRS, Paris, France, gaybalma@lmd.ens.fr 

^Department of Mathematics, West University of Timi§oara, RO-300223 Timi§oara, Romania. 

vizmanQmath . uvt . ro 



1 Introduction 

The concept of dual pair, formalized by [Weinstein(1983)], is an important notion in 
Poisson geometry and has many applications in the context of momentum maps and 
reduction theory, see e.g. [Ortega and Ratiu(2004)] and references therein. Let (M, u) 
be a finite dimensional symplectic manifold and let Pi,P2 be two finite dimensional 
Poisson manifolds. A pair of Poisson mappings 

is called a dual pair if kerTJi and kerTJ2 are symplectic orthogonal complements of 
one another, where kerTJj denotes the kernel of the tangent map TJj of Jj. Dual 
pair structures arise naturally in classical mechanics. In many cases, the Poisson maps 
Jj are momentum mappings associated to Lie algebra actions on M. For example, 
in [Marsden(1987)] (see also [Cushman and Rod(1982)], [Golubitsky and Stewart(1987)] 
and [Iwai(1985)]) it was shown that the concept of dual pair of momentum maps can be 
useful for the study of bifurcations in Hamiltonian systems with symmetry. 

We now describe two fundamental "dual pairs" of momentum mappings arising in 
fluid dynamics and that we shall study in detail in this paper. Both of them have very 
attractive properties but present additional difficulties due to fact that the manifolds 
involved are infinite dimensional. This is why we describe them only at a formal level 
in this Introduction and we use the word "dual pair" (with quotation mark) in a very 
formal sense. The first "dual pair" is associated to the Euler equations of an ideal 
fiuid and was discovered by [Marsden and Weinstein(1983)] in the context of Clebsch 
variables; the second one is associated to the n-dimensional Camassa-Holm equations 
and was discovered by [Holm and Marsden(2004)] in the context of singular solutions. 

Consider the Euler equations for an ideal fiuid on a domain S, 

dtu + u ■ Vu = — gradp, divu = 0, 

where u is the velocity and p is the pressure. As shown in [Arnold(1966)], the fiow of the 
Euler equations describe geodesies on the group of volume preserving diffeomorphisms 
of 5* relative to the right invariant L^-metric. In [Marsden and Weinstein(1983)], the 
"dual pair" for Euler equations is described as follows. Consider a symplectic manifold 
(M, w), a volume manifold (5", /i), and let J-'{S,M) be the space of smooth maps from 
5" to M. The left action of the group Diff (M, u) of symplectic diffeomorphisms and 
the right action of the group DiS{S,fi) of volume preserving diffeomorphisms are two 
commuting symplectic actions on J^{S, M). Their momentum maps 3l and J/j form the 
"dual pair" for the Euler equation: 



J^{S, M) 




X(M,u;)* X(5,/i)*. 

While the right leg represents Clebsch variables for the Euler equations, the left leg is a 
constant of motion for the induced Hamiltonian system on J^{S, M). 



Consider the n- dimensional Camassa-Holm equations on a domain M, 

dtm + u ■ Vrra + Vu^ ■ m + m div m = 0, m = (1 — a^A)M, 

whose flow describes geodesies on the group of all diffeomorphisms of M relative to 
a right invariant H^ metric, see [Holm and Marsden(2004)]. For more general choices 
for m, these equations are known under the generic name of EPDiff equations (stand- 
ing for the Euler-Poincare equations associated with the diffeomorphism group). In 
[Holm and Marsden(2004)], the associated dual pair is described as follows. Let Emb(S', M) 
be the space of embeddings of S into M and consider the left action of the diffeomor- 
phism group Diff(M) and the right action of the diffeomorphism group Diff(5'). The dual 
pair consists of the momentum maps associated to the induced actions on the cotangent 
bundle T*Emb(S', M) endowed with canonical symplectic form: 



T*Emb(5,M) 




x{My x{sy. 

The left leg provides singular solutions of the EPDiff equation, whereas the right leg 
is a constant of motion associated to the collective motion on T*Emb(S', M). In the 
one-dimensional case, J^ recovers the peakon solutions of the one-dimensional Camassa- 
Holm equation, [Camassa and Holm(1993)]. In the particular case S = M, the left leg 
recovers the reduction map from Lagrangian to Eulerian variables. 

More recently, the ideal fluid "dual pair" has been shown to apply for the Vlasov 
equation in kinetic theory [Holm and Tronci(2009)]. On the other hand, the EPDiff dual 
pair has been extended to the case of the Euler-Poincare equations associated with the 
automorphism group of a principal bundle in [Gay-Balmaz, Tronci, and Vizman(2010)], 
needed for the study of the singular solutions of the two-component Camassa-Holm equa- 
tion and its generalizations, see [Holm and Tronci(2008)], [Gay-Balmaz, Tronci, and Vizman(2010)], 
and references therein. 

As we mentioned above, the reader should be warned that we use here the word 
"dual pair" (with quotation mark) in a formal sense for many reasons. Firstly, these 
examples are infinite dimensional and the definition of the concept of dual pair in infinite 
dimensions presents several difficult points that deserve further investigation. Secondly, 
the dual pair properties need to be shown in a rigorous way for the two situations. This 
means that one has to prove that the left action is transitive on the level subset of the 
right momentum map, and the right action is transitive on the level subset of the left 
momentum map. Finally, the ideal fluid "dual pair" reveals additional difficulties when 
one wants to check the momentum map properties of its two legs in a rigorous way. 
In fact, a reformulation is needed in this case. Interestingly enough, this reformulation 
leads naturally to well-known central extensions of groups of diffeomorphisms. The main 
goal of the paper is to overcome these difficulties in order to rigorously show the dual 
pair properties. 



Plan and results of the paper. In Section 2 below we review some basic facts 
concerning dual pairs in finite dimensions and mention several difficulties appearing in 
the infinite dimensional case. We define the concepts of weak dual pairs and dual pairs, 
appropriate in the infinite dimensional setting, and give criteria for weak dual pair and 
dual pair properties. The main goal of Section 3 is to provide a reformulation of the 
ideal fiuid dual pair that allows us to show in a rigorous way that the two legs are 
momentum mappings. More precisely, in a first step we replace the groups Diff(M, cu) 
and 015(5, //) by the subgroups DiSham{M, u) and Differ,. (5, /i) of Hamiltonian and exact 
volume preserving diffeomorphisms, respectively. This allows us to show the existence 
of nonequivariant momentum maps. In order to have equivariance, required from the 
dual pair properties, we need to consider central extensions. In this context the group of 
quantomorphisms and the Ismagilov central extension of the group Diffea;(S', /i) appear 
naturally. Section 4 deals with the dual pair properties for the ideal fiuid case. We show 
that the pair of momentum maps obtained in Section 3 form a weak dual pair. When 
restricted to the space of embeddings and under the condition H^{S) = 0, the weak 
dual pair is shown to be a dual pair. In Section 5 we prove that the pair of momentum 
maps associated to the EPDiff equation form a weak dual pair. Then we show that by 
restricting these momentum maps to the open subset T* Emb(5', M)^ of 1-form densities 
which are everywhere non-zero on S, we obtain a dual pair. Finally, in Section 6 we 
construct a natural symplectic map that relates both the Euler and the EPDiff dual pair 
constructions. 

Throughout the paper we use the hat calculus for differential forms on the Frechet 
manifold J^{S, M) which are induced from differential forms on 5" and M. It was devel- 
oped in [Vizman(2009)] and its properties are presented in the Appendix to this paper. 

Acknowledgements. We are grateful to Stefan Haller for very helpful suggestions, 
especially regarding Lemma 5.4. We thank Cesare Tronci for many useful and pleasant 
conversations about these and related matters. 

2 Dual pairs in infinite dimensions 

After giving general definitions and introducing the possible obstacles in the infinite di- 
mensional framework, this section formulates the concept of weak dual pair and prepares 
the results that will be applied to the Euler and the EPDiff dual pairs. 

Finite dimensional case 

Let {M,u) be a finite dimensional symplectic manifold and Pi,P2 be two finite dimen- 
sional Poisson manifolds. A pair of Poisson mappings 

PiA(M,a;)AP2 (2.1) 

is called a dual pair [Weinstein(1983)] if kerTJi and kerTJ2 are symplectic orthogonal 
complements of one another. That is, for each m G M, 

(kerT^Jif =kerT^J2. (2.2) 



The dual pair is called full if Ji : M — >■ Pi and J2 : M — )■ P2 are surjective submersions. 
A key result in the context of dual pairs is the correspondence of symplectic leaves. 
Suppose that (2.1) is a full dual pair and that Ji, J2 have connected fibers. Then there 
is a bijective correspondence between the symplectic leaves of Pi and those of P2, given 
by £1 i-> 32{3i^{Ci)), with inverse £2 ^-^ Ji(J2^^(A)) [Weinstein(1983)]. We refer to 
Chapter 11 in [Ortega and Ratiu(2004)] for further informations on dual pairs. 

Two basic finite dimensional examples. We now give two basic examples of dual 
pairs. We suppose for the moment that all the manifolds involved are finite dimensional. 

(i) Let G be a Lie group acting canonically (on the left) on a symplectic manifold 
(M, cu) and admitting a momentum map J : M — )■ g*. This means that d(J,^) = 
i^j^jOO for all ^ € 0, where C,m denotes the infinitesimal generator. The kernel and 
the image of the tangent map T3 are characterized by the equalities 

kerT^J = 0A/(m)'^ and rangeT^J = (0„)° , (2.3) 

where 0A/(m) := {6/("^) I ^ ^ 0} and (0,„)° = {jj, e Q* \ (/i,0 = 0, V^ G g,„} 
denotes the annihilator in g* of the isotropy subalgebra Qm of m. This shows that, 
when the action is free, J is a submersion onto an open subset of g*. As recalled in 
the Appendix, when the momentum map is equivariant, it is a Poisson map with 
respect to the symplectic form on M and the (+) Lie-Poisson structure on g*. If 
we suppose in addition that G acts freely and properly on M , then the quotient 
space M/G is a smooth manifold such that the projection vr : M — )■ M/G is a 
smooth surjective submersion. This map is Poisson with respect to the symplectic 
form on M and the induced quotient Poisson structure on M/G. Thus, using the 
equality 

kerTJ = (gA/)" = (kerT7r)'^, 

we obtain the dual pair ([Weinstein(1983)]) 

M/G^{M,u)^Q*. (2.4) 

By replacing g* by its open subset J(M), we get a full dual pair. 

(ii) The example we consider here is important since the dual pairs we shall study in 
this paper are infinite dimensional versions of it. We first treat the case of Lie 
algebra actions. 

Let gi, g2 be two Lie algebras acting canonically on the symplectic manifold (M, u) 
and admitting the infinitesimally equivariant momentum maps Ji and J2. Suppose 
that Ji is infinitesimally invariant under the action of g2, that is (g2)M C ker(TJi). 
By (2.3) this is equivalent to the assumption that J2 is infinitesimally invariant 
under the action of gi. Note also that these conditions are equivalent to the 
statement u{^m,Vm) = 0, for all ^ G gi,?7 G g2, that is, (gi)A/ C ((g2)M)'^- In this 
case, the Lie algebra actions commute since [C,m,Vm] = ~^uj{^m,vm) — 0' where, as 
usual, Xh denotes the Hamiltonian vector field associated to the function h on M. 
In order to obtain a dual pair, we need to assume that g2 acts transitively on the 



level set of Ji, that is (02)m = kerTJi. By (2.3), this is equivalent to assume that 
01 acts transitively on the level set of J2. In this case 

form a dual pair. 

We now suppose that the Lie algebra actions are associated to symplectic Lie 
group actions of Gi and G2- Suppose that Ji is G2-invariant. Then we have the 
infinitesimal invariances {qi)m C kerTJ2 and (02)*/ C. kerTJi. If Gi is connected, 
then J2 is also Gi-invariant. If one of the actions is transitive on the corresponding 
level set, then the inclusions become equalities, and we get a dual pair. Note that 
when M is connected the other action is also transitive. 

An example of this situation is provided by the case M = T*Q, where the group 
actions are lifted from commuting actions on Q. In this case, it suffices to verify 
the transitivity hypothesis to obtain a dual pair. 

Infinite dimensional case 

When trying to define a useful concept of dual pair on an infinite dimensional manifold, 
one is faced to several difficulties. First of all, the examples of Poisson manifolds we 
will consider are not strictly speaking Poisson manifolds, the bracket being defined only 
on a subalgebra of the smooth functions. This is the case in general for the cotangent 
bundle T*Q of a Frechet manifold endowed with the canonical symplectic form, where 
the associated bracket is defined only on functions admitting a Hamiltonian vector field. 
Therefore, in a possible definition of dual pair in infinite dimensions, one can not expect 
to have Poisson maps in the usual sense, but only in a formal sense. Another difficulty, 
also related to the weakness of the symplectic form, is that we have inclusion V C (V^'^)'^ 
and not equality in general, for a subspace V C T^M. Thus in a definition of dual pair 
on an infinite dimensional manifold M, one has to consider Poisson maps in a formal 
sense, and one has to replace (2.2) by two equalities 

(kerTJi)'" = kerTJ2, (kerTJ2)'" = kerTJi. (2.5) 

Such pairs of formal Poisson mappings will be called formal dual pairs or simply 
dual pairs in the context of infinite dimensional manifolds. Note that if M is finite 
dimensional these equalities are equivalent. 

We now introduce a weaker notion of dual pair, that naturally appears in the context 
of the ideal fiuid and EPDiff equations when one wants to prove the stronger condition 
(2.5). The pair of Poisson mappings (2.1) is called a weak dual pair, if kerTJi and 
ker TJ2 satisfy the inclusions 

(kerTJi)'^ CkerTJ2, (kerTJ2)'" C ker TJi. (2.6) 

In finite dimensions these two inclusions are equivalent. 

In order to be aware of the difficulties arising in the infinite dimensional case, we 
reconsider the example (i) above. Let G be a connected Frechet Lie group acting freely 



on the symplectic Frechet manifold (M, u) and admitting an equivariant momentum 
map J : M — !■ g*. Here and in the following, g* denotes a topological vector space in 
nondegenerate duality with the Frechet Lie algebra g. Standard examples for g* are the 
full distributional dual or the regular dual. Note that the existence of a momentum map 
J : M — 7- g* may depend on the chosen dual g*. 

As in the finite dimensional case, using the definition (A. 6) of momentum maps, we 
have 

kerTJ=(gMr. (2.7) 

Indeed, for a tangent vector v^ G T^M, the assertions T^J-Wm = and a;(,^Af(m), Vm) = 
for all ^ G g are equivalent. Assuming that the quotient space M/G can be endowed 
with a smooth manifold structure such that the projection vr is a smooth map, we have 
Qm = ker(T7r), thus, using the equality (2.7), we get 

(kerTTr)^ = kerTJ and kerTvr C (kerTJ)". 

Contrary to what we get in example (i) above, in infinite dimensions one can not even 
conclude (2.4) is a weak dual pair, since the reversed inclusion requested in (2.6) may 
not hold. 

In the proposition below, we explore the dual pair properties for the infinite dimen- 
sional analogue of example (ii) above. 

Proposition 2.1 Let Ji and J2 be two infinitesimally equivariant momentum maps 
for two symplectic Lie algebra actions of Qi and g2 on the symplectic manifold (M, w). 
Assume that {Q2)m *- kerTJi [i.e. Ji is infinitesimally Q2-invariant). 

Then, as in the finite dimensional case, this is equivalent to (gi)jv^ C kerTJ2 {i.e. J2 
is infinitesimally Qi-invariant), and also to the statement uj{C,m,Vm) = 0, for all ^ G gi 
and 77 G g2- Moreover the pair of momentum maps 

g*4^(M,u;)^g; (2.8) 

is a weak dual pair and the Lie algebra actions commute: [C,m,Vm] = 0, for all ^ G gi 
and 77 G g2- 

// in addition we assume that the Lie algebra action of g2 is transitive on level sets 
of 3i and the Lie algebra action of Qi is transitive on level sets of 32, that is, 

(02)M = kerTJi and (gi)^, = kerTJ2, (2.9) 

then (2.8) is a dual pair. 

Proof. We first prove the equivalence between (g2)A/ C kerTJi and {qi)m C kerTJ2. 
Using (2.7), the first inclusion leads to (((gi)*/)'^)'^ C ((g2)A/)'^ = kerTJ2. Using V C 
[V'^)'^, we obtain the inclusion (gi)^/ C ker TJ2. This also shows that another equivalent 
condition is uj{C,m,Vm) = 0, for all ^ G gi and rj G g2. The weak dual pair conditions 
(2.6) follow easily from these observations. 

The function —uj{^m,Vm) is the Hamiltonian function of the commutator [.^j\/,?7Af] 
of infinitesimal generators for ,^ G gi and 77 G g2. Since uj{C,m,Vm) = 0, one obtains 
commuting Lie algebra actions. 

The dual pair property is seen upon writing (kerTJi)"^ = ((g2)A/)'^ = kerTJ2 (and 
similarly for (kerTJ2)'^ = kerTJi) ■ 



Remark 2.2 (Comparison with the finite dimensional case) Note that, as in the 
finite dimensional case, the infinitesimal invariance conditions (02)^/ ^ kerTJi and 
{Qi)m '^ kerTJ2 are equivalent. However, now the transitivity assumptions (02)m = 
kerTJi and {qi)m = kerTJ2 are not equivalent and one needs to impose both of them 
to have a dual pair. 

Remark 2.3 The necessary and sufiicient condition (2.9) for dual pairs of momentum 
maps can be rewritten as 

(0i)m = (02)m and (02)m = (Si)a/ • 

The preceding proposition establishes sufficient conditions for weak dual pairs and 
dual pairs of momentum maps in terms of infinitesimal Lie algebra actions. However, 
the literature provides analogous results in terms of Lie group actions. In particular, 
one has the following result in infinite dimensions, as consequence of Proposition 2.1 

Corollary 2.4 Let Ji and J2 be equivariant momentum maps arising from the canonical 
actions of two Lie groups Gi and G2 on a symplectic manifold {M,uj). Assume that Ji 
is G2-invariant [or vice-versa) , then the pair of momentum maps 

gl^{M,oo)^g; (2.10) 

is a weak dual pair. Moreover, if the G2 action is transitive on level sets of Ji and 
vice-versa, then (2.10) is a dual pair. 

An interesting case is provided by the situation below 

Corollary 2.5 With the preceding hypothesis, if the groups Gi and G2 are connected, 
then their actions commute. 

Proof. Since the Gi-invariance of J2 implies {qi)m C kerTJ2, the corresponding Lie 
algebra actions commute by Proposition 2.1. Since Gi and G2 are connected, their 
actions also commute. ■ 

Also, when M = T*Q is a cotangent bundle with canonical symplectic form, we 
obtain the following result on commuting actions 

Corollary 2.6 Given commuting actions of two Lie groups Gi and G2 on a manifold Q, 
and the lift of these actions to its cotangent bundle T*Q, the pair of cotangent momentum 
maps 

Ql <^ T*Q A g* (2.11) 

is a weak dual pair. 

Proof. If M = T*Q is a cotangent bundle on which G acts by the cotangent lift of its 
action on Q, then 

3:T*Q^ g*, (J(«,), = («„ ^giq)) (2.12) 

is an equivariant momentum map [Marsden and Ratiu(1999)]. If ^q is an infinitesimal 
generator of the Gi action, then ^g is G2-equivariant, since the actions commute. Thus, 
the cotangent momentum map Ji, associated to the cotangent lifted action of Gi, is 
G2-iiivariant. The weak dual pair property follows by Corollary 2.4. ■ 
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Remark 2.7 ((±) Lie-Poisson brackets) In the above arguments, one has to con- 
sider that, if one of the two momentum maps arises from a right (resp. left) action, then 
the corresponding Lie-Poisson bracket carries the minus (resp. plus) sign. 

3 Momentum maps and central extensions 

In this section we present a reformulation of the ideal fluid "dual pair" [Marsden and Weinstein(1983)] 
that allows us to show in a rigorous way the momentum map properties of the two 
legs. Given a symplectic manifold {M,u) and a compact fc-dimensional volume man- 
ifold (5*, /i), we first show that the Frechet manifold J^{S,M) is in a natural way a 
symplectic manifold. It is clear that the subgroups Diff(M, cj) and DiS{S,fi) act on 
J^{S, M) in a symplectic way. However, in order to show that these actions admit mo- 
mentum mappings, it is necessary to restrict the actions to the groups DiSham{M,u) 
and DiSex{S, fi) of Hamiltonian and exact volume preserving diffeomorphisms, respec- 
tively. In order to write down a momentum map in a consistent way, one has to choose 
particular Hamiltonian functions on M and potential forms on 5*, but these choices 
introduce nonequivariance cocycles. We solve this problem as usual by passing to the 
associated central extensions of the corresponding Lie algebras. This approach leads 
naturally to the group of quantomorphisms, a central extension of DiSham{M,u), and 
to the Ismagilov central extension of Differ (5',yU.). 

Throughout the Section we will make use of some important but standard facts 
regarding momentum maps and nonequivariance cocycles. For convenience of the reader 
and to fix our conventions, these facts are recalled in §A.2 of the Appendix. 

The symplectic form on J^{S,M). Let {M,cj) be a symplectic manifold and 5* 
a compact /c-dimensional manifold with a fixed volume form //. The set J^{S, M) of 
smooth functions from S" to M can be endowed with the structure of a Frechet manifold 
in a natural way, see [Kriegl and Michor(1997)]. We will denote by f/j, Vj the tangent 
vectors to ^^(5*, M) at /. These tangent vectors are identified with vector fields on M 
along /, i.e. sections of the pull-back vector bundle f*TM — )■ S. 
We now show that the 2-form uj on J^{S, M) defined by 



oof{Uf,Vf)= / io{Uf,Vf)f,, 
Js 

is a symplectic form. The map uo ^ oo which associates a fc-form on J-'(S', M) to a 
/c-form on M will play an important role in the paper and will be referred to as the bar 
map. Its properties are summarized in the Appendix of the paper. In particular, from 
Proposition A. 5 we have du = du = 0, so w is closed. Note that this property cannot 
be deduced from a straightforward computation, since vectors Uf in TfJ^{S, M) are not 
necessarily of the form Uf = u o f^ where u is a vector field on M. 

The (weakly) non-degeneracy of u can be verified as follows. Let Uf be a non-zero 
vector field on M along S, so Uf{x) ^ for some x G 5. Because uj is non-degenerate, 
one can find another vector field Vf along / such that uj{Uf, Vf) is a bump function on 
5". Then oj{Uf, Vf) = fgu{Uf, Vf)fi ^ 0, so U f does not belong to the kernel of uj. This 
proves that the kernel of Uj is trivial. 



The left momentum map 

Consider the action of the group Diff(M, w) = {ip E Diff(M) | ip*uj = u} of sym- 
plectic diffeomorphisms of M on the Frechet manifold J^{S, M) by composition on the 
left. A direct computation shows that this action preserves the symplectic form Oj on 
J^{S,M). In order to show the existence of a momentum map, we need to restrict 
this action to the subgroup DiSham{M,u) C Diff(M, w) of Hamiltonian diffeomor- 
phisms. Recall that DiSham{M,u) consists of symplectic diffeomorphisms which are 
endpoints of Hamiltonian isotopies, i.e. isotopies defined by time dependent Hamilto- 
nian vector fields. The Lie algebra of this group consists of Hamiltonian vector fields 
^ham{M,u) = {Xh I h G J-'(M)}. When the first cohomology group of M vanishes, 
then DiSham{M,uj) coincides with the identity component of Diff(M, w). We refer to 
§43.13 in [Kriegl and Michor(1997)] for further informations. The infinitesimal generator 
associated to a Lie algebra element Xh G Xham{M',u) is 

Mf) = Xhof. 

Lemma 3.1 The infinitesim,al generator Xh is a Hamiltonian vector field on J^{S, M) 
relative to the symplectic form uj with the Hamiltonian function h given by 

h{f):= /(/io/)/i, /e^(^,M). 
Js 

Proof. From ix^w = dh it follows that 



ix^w = ix^uj = dh = dh, 

from the properties of the bar map in the Appendix. ■ 

Therefore, one could define a momentum map J^ by the formula (Ji(/), X/^) = h{f). 
However, the expression of J^ is not well-defined since the right hand side depends on 
a particular choice of the Hamiltonian function associated to X^. 

We can solve this problem by fixing one point rrii in each connected component of 
M, and consider the unique Hamiltonian function ho of X^ vanishing at these points. 
The corresponding momentum map is 



3L:HS,M)^Xham{M,uj)\ (Ji(/),X,) = /io(/)= (hoof)/^, (3.1) 

Js 

with values in the distributional dual Xham{M',ijj)*. 

A new problem appears here since this momentum map is not equivariant and, there- 
fore, is not a Poisson map. Using formula (A. 9) of the Appendix, we compute the 
H^{J^{S, M))-YaAued Lie algebra 2-cocycle on Xham{M,u) measuring the nonequivari- 
ance of 3^. For all / G J^{S, M), we have 

a{XXm = -(Jl(/), [X,Y])-u{Xif),Y{f)) 



uiX, Y)oif) - UJ (X, Y) if) = uiX, r)o - uiX, F)(/), (3.2) 
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where we used the properties of the bar map and the formula [X, Y] = — X^(x,y) vahd 
for any X,Y & Xham{M,u). Proposition A. 6 ensures that the Lie algebra action of 

the central extension Xham{M,u) of Xham{M,u) by H'^{J^{S,M)), with characteristic 
cocycle a, admits the infinitesimally equivariant momentum map 

JL.HS,M)^Xh:^,u)*, JlU) = (Jl(/), -[/]), 

where [/] G Hq{F{S,M)) denotes the connected component of /. 

We now use Proposition A. 7 to write an infinitesimally equivariant momentum map 
associated to a more natural central extension of Xham{M^u), namely, an extension by 
H^{M). In order to do this, we observe that the cocycle a can be written in the form 
a = T o aT, where ay is the i7'^(M)-valued cocycle: 

ariX, Y) = u;(X, Y)o - u{X, Y), (3.3) 

and T : H^{M) — )■ H^{J-'{S, M)) is the linear map induced by the bar map. This is seen 
from the computation 



{T{aT{X,Y)),[f])=aT{X,Y){f) = io{X,Y)o-io{X,Y){f) = {a{X,Y),[f]). 

Following the notations of Proposition A. 7, we denote by Xham{M,u!)rp the central ex- 
tension of Xham{M,uj) by H^{M) defined by 0"^. 

We now show that Xham{M,u)j, is isomorphic to a well known extension of the Lie 
algebra of Hamiltonian vector fields, namely, to the Lie algebra (J-'(M), { , }) of smooth 
functions on M with canonical Poisson bracket. A section of the central extension 

^ i7°(M) ^ ^(M) ^ Xw(M, a;) -> (3.4) 

is obtained by assigning to Xh the unique Hamiltonian function h^ of Xh vanishing at all 
points TTij. The characteristic cocycle computed with this section is exactly ax- Written 
in the basis [rrii]* of H^{M), dual to the basis [m.^ of Hq[M] M), the characteristic cocycle 
becomes 

ariX, Y) = (-a;(X, r)(mi), . . . , -a;(X, r)(mp)). (3.5) 

For connected M we have axiX, Y) = —u){X, Y){'m) for arbitrary m G M. 

The Lie algebra isomorphism between the central extension XhamiM,u)rp defined by 
(Tt and J^{M) is 

h G J^(M) ^ {Xh, ho-h)e XhZ^M, w)y, (3.6) 

where ho - h e H^{M) = ker(d : T{M) -^ n\M)). 

We can apply Proposition A. 7 to get an infinitesimally equivariant momentum map 
for the central extension Xham{M',u)rp of Xham{M,u) by H^{M) defined by ar 

JI:^(5,M)^X,UM,w)t' JI(/) = (Jl(/),-^*([/])), (3.7) 

where T* : Hq{J^{S, M)) — )■ Hq{M) denotes the dual of T. The infinitesimally equiv- 
ariant momentum map (3.7), transferred to J^{M) with the help of the Lie algebra 
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isomorphism (3.6), takes the simple form: 

'JL{f),h) = (jl{f),{X,,ho-h)) = {JL{f),X,)-{T*{[f]),ho-h) 



(hoof)f^-{ho-h){f)= (hof)^. 



s 



When the cohomology class of the symplectic form u is integral, i.e. [u] G H'^{M, Z), 

then the Lie algebra central extension Xham{M,uj) ~ J^{M) can be integrated to a 
group central extension, namely the group of quantomorphisms as a central extension of 
the group of Hamiltonian diffeomorphisms, see [Kostant(1970)] [Souriau(1970)]. More 
precisely, in this case there exists a principal S^-bundle vr : P — )■ M and a principal 
connection 6 on P with curvature u, i.e. d6 = 'k*u. The group of quantomorphisms 
Quant (P, 9) is defined as the group of connection preserving automorphisms of P. This 
group acts on the left on F{S, M) by the action of Diff/jam(M), that is ip ■ f = ip o f, 
where ip is the Hamiltonian diffeomorphism on the base induced by the quantomorphism 
^. 

In general, this group extension cannot be described by a global group 2-cocycle on 
Diff/jam(M, cj), i.e., the central extension is not diffeomorphic to a direct product. How- 
ever, in the particular case when u is an exact symplectic form, such a group 2-cocycle 
on DiSfiam{M,u) exists and is presented in [Ismagilov, Losik, and Michor(2006)]. The 
properties of the left momentum map obtained so far are summarized in the following 
theorem. 

Theorem 3.2 Let S be a compact manifold endowed with a volume form fi and let 
(M, u) be a symplectic manifold. Then 

h : HS, M) ^ ^(M)*, (ji(/), h) = h{f) = j{ho /)/i (3.8) 

is an infinitesimally equivariant momentum map for the Hamiltonian left Lie algebra 
action of F{M), shortly Jl(/) = /*/^- 

When [uj] G H'^{M,Z), then this Lie algebra action can be integrated to a left Hamil- 
tonian Lie group action o/Quant(P, ^) on J^{S,M), with equivariant momentum map 
Jl. 

Proof. From the discussion above, it suffices to check the equivariance of J^ under the 
action of the quantomorphism group. Given ip G Quant (P, 9), covering ip G DiSham{M), 
we have 

(Ji(^ ■ /), h) = ( Ji((p o /), h) = Jiho^of)^^ = ( Ji(/), /i o v^) = (Ad;-, J^(/), h) , 

since the adjoint action of the quantomorphism group on J-'{M) reads Ad^-i h = h o ip. 

Remark 3.3 An equivariant momentum map can be written for non-compact M with- 
out passing to central Lie algebra extensions, after restricting to a Lie subalgebra of 
^ham{M, cj). Note that to endow the various diffeomorphism groups of M with a Frechet 
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Lie group structure, one has to consider compactly supported diffeomorphisms, if M is 
not compact. 

We restrict to the Lie subalgebra of those compactly supported Hamiltonian vector 
fields which admit compactly supported Hamiltonian functions, denoted by X^„^(M, oj). 
This Lie algebra can be identified with the space J^c{M) of compactly supported func- 
tions on M. In this case the compactly supported Hamiltonian function is uniquely 
determined by the Hamiltonian vector field in X^^^(M, cu) and the Poisson bracket of 
two compactly supported functions is again compactly supported. Then the left mo- 
mentum map 

J^:^(^,M)^XL„(M,a;)*, (Jz.(/),X,)= /(/io/)/i 

Js 

is equivariant. 

The right momentum map 

Consider the action of the group Diff(S', /x) = {ip E Diff(S') | ip*iJi = /i} of volume pre- 
serving diffeomorphisms on J^{S, M) by composition on the right. A direct computation 
shows that this action preserves the symplectic form uj. In order to show the existence 
of a momentum map, we need to restrict the action to the subgroup Diffe^(S', fi) of exact 
volume preserving diffeomorphisms. Recall that the Lie algebra of this group consists 
of exact divergence free vector fields, that is 3cex{S,fi) = {X G X{S) \ ix/i is exact}. 
We use the notation Xa for an exact divergence free vector field such that ixc/^ = da 
with a G r2*^~^(S') called potential form. Note that if the {k — l)-th cohomology group 
of S vanishes (which is the same as the vanishing of the first cohomology group, since 
S is oriented), then DiS^xiS, n) coincides with the identity component of Diff(S', /i). 
See [Banyaga(1997)] for further informations concerning this group. The infinitesimal 
generator associated to a Lie algebra element X^ G Xex{S,^) is 

XM) = TfoX^. 

The next Lemma is crucial for showing the existence of a momentum map. In the proof 
we will make use of the hat pairing [Vizman(2009)] 

QP{M) X Vf^iS) -^ QP+^-^TiS, M)), {u, a) ^ ZT^ 

whose definition and properties are recalled in the Appendix. 

Lemma 3.4 The infinitesimal generator X^ is a Hamiltonian vector field on {J^{S, M),uj) 
with Hamiltonian function —uPlx given by 



-cJ^(/) = - / f*ujAa. 
Js 

Proof. From ix^f^ = da it follows that 

d(cir^) = do; ■ a + u ■ da = u ■ i^cA^ = — i^ '•^^^ = —^x ^^ 
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from the properties of the hat pairing in the Appendix. ■ 

Note that from this result, one is tempted to define a momentum map 3r : J^{S, M) — )• 
Xex(>S', /i)* by the formula {iR{f),Xa) = —uT^^f). However, this expression of 3r is 
not well-defined since in general the right hand side depends on a particular choice of 
the potential a associated to X^. 

Remark 3.5 (Duality pairing) Below, we will identify the dual space Xex{S, fi)* with 
the space of exact 2-forms dr2^(S') through the L^ pairing 



(7,X„):= / 7Aa. (3.9) 

Js 

By Stokes' theorem and exactness of 7, the last integral does not depend on the choice 
of the potential form a for Xa- Relative to this pairing, the coadjoint action on df2^(S') 
is given by Ad^ 7 = ^9*7. 

The case of an exact symplectic form. If we assume that the symplectic form u 
is exact, then it is readily checked that the Hamiltonian function —u ■ a is independent 
of the choice of the potential a. In this case, the momentum map 

3R:T{S,M)^XUS,fiy, {3Rif),X^) = -(^{f) = - [ ruAa 

Js 

is well-defined. Using the pairing (3.9), it can be written as 

Jr : ^(5, M) ^ Xe.(5, /i)* - dn^S), jRif) = -Too. (3.10) 

It is clearly equivariant since J_r(/ o </?) = ip*f*u! = Ad* Jr(/). 

The case of a general symplectic form. Recall that in order to remove the depen- 
dence of the left momentum map 3l on a particular potential h, we chose one point rrii 
in each connected component of M, and considered the unique Hamiltonian function ho 
vanishing at these points. Equivalently, we can say that we have considered points rrii 
in M such that [mi] form a basis of HqIM-jM.). We shall use a similar idea to remove 
the dependence of Jr on the potential a. Assume that A; > 3 (see below for the case 
k = 2) and fix a set of {k — 2)-dimensional submanifolds Ni, ...,Np oi S which determine 
a basis of the singular homology group Hk-2{S;M). Then, given Xa G Xex{S,fi), there 
is a unique potential ao of Xa, up to an exact form, such that 

ao = 0, for all i = I, •••,p. 

Ni 

Indeed, if /3o verifies the same properties, then (3o — Oq is closed and the integral J^ ((3o — 
Oq) vanishes for all i = 1, ■■■,p, which proves that /3o — tto is exact, by de Rham's Theorem. 
We conclude that the momentum map given by 

{3R{f),Xa) = -{Z^o)if) = - /rcuAao, (3.11) 

Js 
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is well-defined. In particular it depends only on the equivalence class [ao] G Q^""^ (S) / dQ^~^ (S) 
since u is closed. 

In general this momentum map is not equivariant, therefore it is not a Poisson map. 
Using formula (A. 9) for right actionns, we now compute the -ff'^(J-'(5', M))-valued Lie 
algebra 2-cocycle a on Xex{S, fi) measuring the nonequivariance of Jr. We have for all 
feTiS,M) 



a{X,Y){f) = {Jnif), [X,Y]) - a;(X,r)(/) = - / (rcu) A (ixiy/i)o - / (ra;)(X,F)/x 

Js Js 

= / f*u A (ixiy/i - (ixiy/i)o) = ([/*M, [ixiy/^ - (ixiy/^)o]) , (3.12) 

Js 

where we used that ixiy/W is a potential form for the exact divergence free vector field 
[X, y] and the pairing between H'^{S) and H^~'^{S) in the last term. 

Proposition A. 6 ensures that the Lie algebra action of the central extension Xex{S, /i) 
of Xex{S,^) by H^ {J^ {S , M)) ., with characteristic cocycle a, admits the infinitesimally 
equivariant momentum map 

Jr : F{S, M) ^ XelO^T/i)*, JbU) = (Jh(/), -[/]), 

where [/] G Hq{J^{S,M)) denotes the connected component of /. 

We now use Proposition A. 7 to write an infinitesimally equivariant momentum map 
associated to a more natural central extension of Xex{S,fi), namely, an extension by 
H^~'^{S). In order to do this, we consider the linear map 

T:H''~\S)^H\T{S,M)), T([a])=tJ^ 

induced by the hat pairing with the closed 2-form u on M. Note that T is well defined 
since the hat pairing depends only on the cohomology class of the closed form a, and the 
differential of the function u ■ a vanishes by Proposition A. 2. With the identification of 
the dual of iJ^~^(S') with H'^{S), the dual map of T can be written as 

T* : Hoi^iS, M)) ^ H\S), T*([/]) = [Pul 

because for any closed {k — 2)-form a on 5*, {[f*uj], [a]) = fg f*uj A a = uT^^f) = 
([/],T([a])) = (T*([/]), [a]). We now observe that the cocycle a can be written in the 
form a = T o ctt, where ctt is the if'^~^(S')-valued cocycle 

ariX, Y) = [ixiy/U - (ixiyAi)o]- (3.13) 

This is seen from the computation 

(r(ar(X,F)), [/]) = CO ■ (ixiy]r^ixiy/^)o)(/) = (o^(X,F), [/]). 

Following the notation of Proposition A. 7, we denote by Xex{S, fi)j< the central extension 
of Xex{S,fi) by H''-^{S) defined by ar- 
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We now show that Xex{S, ij)j, is isomorphic to a more famihar central extension of 
the Lie algebra of exact divergence free vector fields. Consider the central extension 

-^ H^-^{S) -^ n^-^{S)/dn^-^{S) -^ ?iex{S, fi) -^ 0, (3.14) 

due to [Lichnerowicz(1974)] [Roger(1995)]. Here the Lie algebra bracket on fi''~^(S')/dfi^^-'^(S') 
is given by {[a], [f3]} = [ix^ixafA- ^^^ observes that the map [a] i— ;■ X^ is a surjective 
Lie algebra homomorphism from Q'^"'^ (S) / dQ''"^ (S) to the Lie algebra XexiS,fi) with 
opposite bracket, and that its kernel is given by H^~'^{S) and is central. 

A section of (3.14) is obtained by assigning to Xa the unique potential form ao 
satisfying J^ ao = for all i. The characteristic cocycle computed with this section 
is exactly ax form (3.13). The Lie algebra isomorphism between the central extension 

X^J^Ij)j, defined by ar and n''-\S)/dn''-^{S) is 

[a] e l]^"'(5)/dl]^-3(5) ^ (X,, [a - ao]) G ^J^^l)T = ^e.{S, fi) x H'^^^S). (3.15) 

We can apply Proposition A. 7 to get an infinitesimally equivariant momentum map 
for the central extension Xex{S,fi)j, of Xex{S,fi) by H^~'^{S) defined by ax 

JS : T{S, M) ^ ?C{K^^)T^ JS(/) = (J«(/), -T\[f])) = (Jnif), -[/M), 

This infinitesimally equivariant momentum map, transferred to the central extension 
Q''~'^ {S) / dQ'''^ {S) with the help of the Lie algebra isomorphism (3.15), is: 

Ji?(/), H) = (Jr(/), (^«, [« - «o])) = (Jij(/), ^a) - (T*([/]), [a - ao]) 

f*ujAao-uj-'{a^ao){f) = - f*ujAa. (3.16) 



Since the (regular) dual of Q'' '^{S)/dQ^ ^{S) can be identified with the space of closed 
2-forms on S through the L^ pairing 



(//,[«])= 7] A a, (3.17) 

Js 

the equivariant momentum map (3.16) becomes 

3n : HS, M) ^ {Sl''-\S) / dn''~-\S)y = Z\S), JrU) = -Foo. 

The central extension (3.14) is universal [Roger(1995)], in particular H'^{Xex{S, /i)) — 
H^{S), the isomorphism being given by the map which associates to a cohomology class 
[77] G H'^{S) the cohomology class [cr,^] of the Lichnerowicz cocycle 



a,{X,Y) = [ r]{X,Y)fi, X,YeX{S,fi). 
Js 



Given a connected component J-'o of J^{S,M), we compute the nonequivariance of 
3r on J'o: 

a^,iX,Y) = aiX,Y)if) = TiaTiX,Y))if) = {[rLo],aT{X,Y))JeJ'o. (3.18) 
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As it should, the right hand side of (3.18) does not depend on / G J-q since the coho- 
mology class [f*uj] does not depend on / G J-q. The cocycle (3.18) is cohomologous to 
the Lichnerowicz cocycle a^ with 77 = —f*uj. Indeed, because the assignement a i— )■ ao 
depends only on Xa, hence on da, we can write ao = b{da) for some linear map 
b : dfl''~'^{S) — 7- Q''^^{S) (a right inverse to d). Using dixiy/i = i[x,y]/^5 we compute the 
difference 

{a, - a^,){X, Y) = - [ {ruj){X, Y)fi - / /*c^ A (i^iy/i - (ixiy;u)o) 

= / f*uj A (ixiyyu)o = / f*uj A fedixiy/i = / f*uj A 6(i[x,y]At) 
Jm Jm Jm 

and we notice it is a coboundary. For cocycles cohomologous to Lichnerowicz cocycles 
see [Vizman(2010)]. 

Assume without loss of generality that Jg fi = 1. The central extended Lie algebra 
Q''~'^{S)/dQ''~^{S) admits an underlying Lie group central extension of Differ (5, /i) by 
the torus H'^~'^{S)/L, where 



|[a] Gif^"^(5) : /" aGZ, z = l,...,p| 



with Ni, . . . , Np fixed {k — 2)-dimensional submanifolds of S which determine a basis for 
iffc_2(5', M) as above, see [Ismagilov(1996)] Section 25.5 for details. 

Theorem 3.6 Let S be a compact manifold endowed with a volume form fi, and let 
(M, u) be symplectic manifold. Then 

3n : HS, M) ^ {n''-\S) / dU'^-^S))*, (j^(/), [a]) = -oJ^a{f) = -Jf*ujAa 

(3.19) 
is an infinitesimally equivariant momentum map for the Hamiltonian right Lie algebra 
action of the central extension VL^~'^{S)/dVL^~^{S) of X^xiS, fi). With the identification 
(3.17) the momentum map can be written shortly J/j(/) = —f*oo G Z'^{S). 

Assuming that j'fi= 1, this Lie algebra action can be integrated to a right Hamil- 
tonian Lie group action on J-'{S,M), of the central extension of the group Differ; (5*, /i) 
of exact volume preserving diffeomorphisms by the torus H^~'^{S)/L, with equivariant 
momentum map J/j. 

Proof. From the discussion above, it suffices to check the equivariance of Jr. Given an 
element \1/ in the central extension of the group Diffea:(5', /x), sitting over ip G Diffe^(S', //), 
the right action of ^ on / G ^^(5", M) is \1/ ■ / = / o -0, and 

(j«(vl/ ./), [a]) = -/■(/ o i^Yuj Aa = - [ f*uA {^-'Ya = (Ad^ Jr(/), [a]) 
Js Js 

since the adjoint action in the central extended group is Ad,j,[a] = [(■?/^~^)*a] for all 
[a] G Q'^~'^{S)/dQ''~^{S). ■ All the considerations above, including Theorem 3.6, are 
still valid for k = 2, but in this case the central extension (3.14) becomes 
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and is trivial because 5" is compact. To see this it suffices to make use of the Lie 
algebra isomorphism a E J^{S) t-)- iXa,iJg a/i, . . . , /^ o;/^) ) ^ ^ham{S) x H'^{S), 
where Si, . . . , Sp are the connected components of S. This suggests that we can find an 
equivariant right momentum map without passing to central extensions of XhamiS,^)- 
Indeed, to each Hamiltonian vector field X^ (or to each function a) we can associate the 
unique Hamiltonian function a° G J^{S) of X^ with vanishing integral j' a^fi over each 
connected component Si of S. Then, using the function a" instead of ao in (3.11), we 
get an equivariant momentum map (J/?(/), ^a) = ~ Is f*^ ^ ""• To see this, we notice 
that fi{X,Y)fi is an exact 2-form for all Hamiltonian vector fields X,Y E Xham{S,fi), 
so Jg yu(X, y)/i = for all i. This implies /i(X, F)" = /i(X, Y), and we compute for all 
/G>(5,M): 

-(J«(/),[X,F])= [ ruAfiiX,Y)'= [ ru A fi{X,Y) = [ {ru){X,Y)fi 
Js Js Js 

= uiX,Y){f)- 

4 Dual pair for Euler equation 

In this section, we show that the pair of momentum maps J^ and Jr obtained in §3 
form a weak dual pair on the symplectic manifold {J-'{S, M),cu). We then prove that the 
restriction of this weak dual pair to the open subset Emb(S', M) is a dual pair under the 
topological condition H^{S) = 0. 

The natural actions of the Hamiltonian group DiSham{M, u) and of the group Diffex(S', fi) 
of exact volume preserving diffeomorphisms are two commuting symplectic actions on the 
symplectic manifold J^{S, M). As we have shown in §3, the induced infinitesimal actions 

of the central extensions Xh^Z{M,uj) = F{M) and X^5s>) = Vt^^^ {S) / dVt^^^ {S , ii) 
admit the infinitesimally equivariant momentum maps Jl(/) = /*yU and Jnif) = —f*^- 

Lemma 4.1 The pair of momentum m,aps 

{J^{S,M),co) 




is a weak dual pair. 

Proof. This follows from Proposition 2.1. One has only to check that the symplectic 
form uj vanishes on pairs of infinitesimal generators for the two commuting actions: 

^ (h^iSM), H J-(5,A/)) = w(Xft, Xa) = h^dh = ix^dh ■ fi = dh ■ da = 0. (4.1) 

We conclude that 3l and Jr determine a weak dual pair structure. ■ 
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For the proof of the dual pair property (2.5) we need a few technical lemmas. The 
first lemma is detached from the proof of Proposition 3 in [Haller and Vizman(2004)]. 

Lemma 4.2 Let {M,g) be a Riemannian manifold and N G M a suhmanifold. Let E 
he the normal bundle TN-^ viewed as a tubular neighborhood of N in M, with the iden- 
tification done by the Riemannian exponential map. Then any section a G r(T*M l^r) 
vanishing on TN, when restricted to TN-^, defines a smooth function h G J^{E), linear 
on each fiber, whose differential along N satisfies {dh)\N = « (as sections ofT*M\N). 

Proof. The zero section s : N ^ TN-^ and the inclusion i^ : T^N-^ — >■ TN-^, x G TV, 
are used to identify T^M = T^N ®T^N^ with To^{TN^), namely (X^, Y^) ^ T^s{X^) + 
To^ixiXx)- Under this identification, 

dxh{Xx) = doMTxsiX,)) = dxia o s)(X,) = = a(X,) 

for all Xx ETxN and 

dxh{Yx) = do,«(To,2..(n)) = do,(a o^,)(y,) = a(r,) 

for all Yx G T^N-^, which imply the requested identity {dh)]^ = a. m 

In particular any 1-form a on M with the property i*a = 0, where i : N ^ M 
denotes the inclusion, satisfies the condition of Lemma 4.2 when restricted to TMl^r. 

Lemma 4.3 Let S be a compact manifold with H^{S) = and f : S ^ M an embed- 
ding. If a vector field Y G X(M) satisfies f*£Y^ = 0, then there exists a Hamiltonian 
vector field Y G X(M) such that Y o f = Y o f. 

Proof. Because Y G X(M) satisfies f* £yoj = 0, the 1-form /*iya; on S is closed. It is 
also exact by H^{S) = 0, so there exists hi G J^{S) with /*iyu; = dhi. Let hi G J^{M) 
be a smooth function extending hi, in the sense that hi = hi o f, and let X^ be the 
associated Hamiltonian vector field on M. Then Z = Y — Xj^ satisfies f*iz^ = 0, so 
the 1-form a = izOJ on M vanishes on vectors tangent to the submanifold A^ = f{S) of 
M. 

We apply Lemma 4.2 to a. We consider a Riemannian metric on M and we denote 
by E the normal bundle over the submanifold A^ of M, viewed as a tubular neighborhood 
of N, with the identification done by the Riemannian exponential map. The 1-form a 
restricted to normal vectors defines a function /i2 on E, linear on each fiber, and its 
differential along A^ is the restriction of the 1-form a, i.e. {dh2)\N = C(\n (as sections of 

Let /i2 be a smooth function on M with h2 = /12 on a neighborhood of A^. Then the 
Hamiltonian vector field Y = X^^,,.^^ ^^^ the required property Y o f = Y o f, because 

(iya;)|Ar = {dhi)\N + (d/is)^ = (iy-zw)|jv + ak = (iyw)|jv- ■ 

Lemma 4.4 Let f : S -^ M be an embedding and Y G X(M). // f^ f*{£Yh)fi = for 
all functions h G J-'(M), then the vector field Y is tangent to the submanifold f{S) of 
M , i.e. there exists a vector field Z G X(S') with Y o f = Tf o Z, which means that the 
vector fields Y and Z are f -related. 
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Proof. Since / is an embedding, without loss of generality we can assume that / is 
the inclusion of a submanifold S of M. We have to show that if jA£Yh)^ = for all 
functions h G J'(M), then Z = Y\s e X{S). 

We assume by contradiction that there exists s E S with Y{s) not tangent to S. 
We consider a coordinate chart u : U ^ ( — 1, 1)" on M centered at s with coordinates 
(xi, . . . , Xfc, Hk+i, ■ ■ ■ , Vn), such that points on SnU have coordinates {xi, . . . ,Xk,0, . . . ,0) 
and such that locally l^|c/ — dy^. With the help of the function 

ho: U ^R, ho{xi, ...,Xk, Vk+i, • • • , 2/„) = ynbi{xi, ..., Xk)b2{yk+i, ■■■,yn), 

where bi : (—1,1)'^ — )■ M and 62 '■ (—1,1)""'^ — )■ K are two bump functions identically 
1 around zero, we build a smooth function h on M which is zero outside U. The 
computation dy,^hQ{x,y) = bi{x)b2{y) + ynbi{x)dyj)2{y) shows that the restriction of 
£y/i to S has support in S* fl f/ and in this chart it is the bump function bi. It follows 
that 

{£Yh)iJ,= / bi{xi,...,Xk)dxi...dxkj^O, 

Js ■>'{-i,i)'= 

a contradiction. We conclude that Y\s E X{S). m 

Using these two lemmas, we can now state the main result of this section. 

Theorem 4.5 The restriction of the weak dual pair for Euler equation to the open subset 
of emheddings is a dual pair under the assumption H^{S) = 0. 

Proof. First we notice that the equalities (X/jam(M,w))Emb(5,Af) = {Xham{M,uj))Emh{s,M) 
and (^ex(5',/i))Emb(5,M) = (^ex(5',/i))Emb(5,A/) hold. By remark 2.3, the conditions 

and 

{Xex{S, fl))Erah(S,M) = {{Xham{M, u))Emb{S,M)) 

guarantee that the weak dual pairs are dual pairs. The inclusions from left to right are 
the weak dual pair conditions verified in (4.1). For the other inclusions we need the 
topological restriction on S. 

Recall that the action of the diffeomorphism group Diff(M) on Emb(S', M) is in- 
finitesimally transitive [Hirsch(1976)], so the tangent space to the manifold of embed- 
dings is T/ Emb(5, M) = {Y{f) =Yof:Ye X(M)}. 

We start with an arbitrary Y{f)=Yof e {{Xex{S, ^i))Emh{s,M)if)f with Y e X{M). 
This means that for all a G Q''~'^{S), 

= CO (f(/),x„(/)) = {i^jycj^fi) if) = (iy:r^„^)(/) = (iy';:rd«)(/) 

= {£;^a){f)= [{f*£yu)Aa. 
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We used here Propositions A. 3 and A. 4 from the Appendix. It follows that f*£Y^ = 0, 
so by Lemma 4.3 there exists a Hamiltonian vector field y on M such that Y o f = Yo f. 
We can conclude that Y o f e {Xham{M, u))Emb{s,M){f) , which shows the inclusion 

((Xea;(>S', /i))Emb(S',A/)) C {Xham{M, u))Emb(S,M)- 

For the inclusion 

{i^ham{M,Uj))Emh{S,M)) C (^ex(>S', /i))Emb(5,M) 

we start with an arbitrary Y{f) = Y o f E {{'X.ham{M,uj))Emb{SM)U')) i which means 
that for all h G J'(M), 



= a;(r(/),X,(/))=a;(y,X,)(/) = -i:y/i(/) = - / r{£Yh)ii. 

Js 

/^From Lemma 4.4 follows that there exists a vector field Z on S with Y{f) = Y o f = 
TfoZ = Z{f) ioT Z eX{S). 

Now, since Z{f) G {{3Cham{M,u))Emh{s,M)if)T ^ fo^^ every h e J'(M) we have 

= CO (Z(/),X,(/)) = (i^J^ar»(/) = -(dTTil/i)!/) = h^fiif) = j{rh)£zfi, 

hence £zfJ' = (/ is an embedding, so all smooth functions on S can be written in the 
form h o f with h G J-'(M)). This means that Z is a divergence free vector field on 
S. Since the manifold 5* is oriented, H^{S) = implies H^~^{S) = 0, so Z is an exact 
divergence free vector field. We conclude that Y{f) e {Xex{S, fi))Emb{s,Ai)- ■ 

Remark 4.6 (The case of an exact symplectic form) There are two variants of 
the Marsden-Weinstein dual pair in the special case of an exact symplectic (hence non- 
compact) manifold M. As we have seen in §3, in this special case the central extension 
of Xex{S,fj,) is not needed and we have Jr(/) = —f*uj G Xex{S,fi)* ~ df2^(S') from 
(3.10). For the left leg we consider as above the left action of the Lie algebra of smooth 
functions on M, as central extension of the Lie algebra of Hamiltonian vector fields, so 
we get Jl(/) = /*/i and the diagram 



(Emb(5,M),w) 




Dene(M) = J^(M)* 3LexiS,fiY = dn^{S). 

The dual pair property follows from Theorem 4.5. 

Another possibility for the left leg is to consider, like in Remark 3.3, the left action of 
the Lie algebra of those compactly supported Hamiltonian vector fields on M who admit 
compactly supported Hamiltonian functions. This Lie algebra, denoted by X'f^^^{M,u), 
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can be identified with the space TdM) of compactly supported functions on M, so we 
have Jl(/) = f*f^ and a weak dual pair 



(Emh{S,M),u!) 




Den(M) = XL^(M,a;)* Xe..(^,/i)* = dn^{S). 

To show it is a dual pair, one uses {3ChamiM,u))Emh{s,M) = (^Lm(^)^))Emb(5,M) in the 
proof of Theorem 4.5. 

5 Dual pair for EPDifF equation 

In this Section, we show that the pair of momentum maps associated to the EPDiff 
equation ([Holm and Marsden(2004)]) form a weak dual pair on T*J-'{S, M) and a dual 
pair on the subset T* Emb(S', M)^ of T* Emb(S', M ) consisting of nowhere vanishing 
one-form densities along embeddings. 

The left action of Diff (M) and the right action of Diff (5) on J^{S, M) lift to sym- 
plectic actions on the cotangent bundle T*J^{S, M) endowed with the canonical sym- 
plectic form Q. We now compute the cotangent momentum maps associated to these 
actions. Let X E X(M), Y E X{S), and P E T*J'{S,M). Note that P is a 1-form 
density on M along the mapping Q E J^{S,M) given by Q = 'n'T{s,M)iP)^ where 
TTjr(^s,M) '■ T*J^{S, M) — )■ J-'(S', M) denotes the canonical projection. 

Applying the general formula (2.12) for the cotangent momentum map, we compute 

(Ji(P), X) = (P, X{Q)) = J p.{XoQ) = n P6{x -Q),X 

and 

{3r{P),Y) = {P,Y{Q)) = f P-{TQoY) = {P-TQ,Y). 

The momentum maps J^ and J/j are thus given by 



Ji : T*^(5, M) ^ X(M)*, Ji(P) = / Pb[x - Q), 

Js 



(5.1) 



and 

Jr : T*J^(5, M) ^ X(5)*, Jif(P) = P-TQ. (5.2) 

They form the pair of momentum maps for EPDiff equation considered by [Holm and Marsden(2004)]: 



(T*J^(5,M),fi) 




X(M)* X(5)' 
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Since the actions commute, using Corollary 2.6 we obtain the following result. 

Lemma 5.1 The momentum m,aps 3r and 3l determine a weak dual pair. Moreover 
3l is invariant under the right action o/Diff (S*) and Jr is invariant under the left action 
o/Diff(M). 

In the rest of this section we consider the cotangent bundle over the open subset 
Emb (S',M) of embeddings. We fix a volume form fi on S and we identify elements 
in the regular part of T*Emb(S', M) with 1-form densities Pfi, where P : S — ?> T*M 
is a smooth map over an embedding Q = tt o P, where ir : T*M ^ M denotes the 
canonical projection. Let T*Emb(S', M)^ denote the open subset of the regular part of 
T* Emb(S', M) consisting of those 1-form densities P/x which are everywhere non-zero 
on S, i.e. P{s) 7^ for all s & S. 

The restrictions of the momentum maps to T* Emb (S',M)^ will be denoted again 
by 3l and Jr. We show below that the action of Diff (S") is transitive on level sets of 
3l and that the action of Diff (M) is transitive on connected components of level sets of 
Jr. Thus both actions are infinitesimally transitive and we use Proposition 2.1 to prove 
that the restriction of the weak EPDiff dual pair to T* Emb(S', M)^ is a dual pair. 

Proposition 5.2 The diff'eomorphism group Diff(S') acts transitively from the right on 
the level sets of the left momentum map 3l '■ T*Emb(5', M)^ — )■ X(M)*. 

Proof. Let P/j,, P'fi G T* Emb(S', M)^ be two 1-form densities in the same level set of 
3l, with footpoints Q, Q' G Emb(S', M). This means that the identity 

/ p ■ (X o g)/i = f p'.{Xo gv (5.3) 

Js Js 

holds for each vector field X G X{M). Since P{s) 7^ and P'{s) 7^ for all s G S*, we 
conclude that the embeddings Q and Q' have the same image in M. This implies the 
existence of a diffeomorphism ip G Diff (S") with Q' = Q oip. Indeed, it suffices to choose 
ip := {Q')~^ o g, where Q is considered as a diffeomorphism Q : S ^ QiS) and where 
(g')~^ denotes the inverse of the diffeomorphism Q' : S ^ Q{S) = Q'{S). 

Denoting by J{ip) G J^{M) the Jacobian function of ip with respect to the volume 
form fi, i.e. ip*fi = J{ip)fi, we compute 

/p-(Xog)/i= [{Poi,).{XoQ')i,*fi= /(Po^)j(^).(Xog')/i, 

Js Js Js 

and we rewrite the identity (5.3) as 

((Po^)j(^)-p')-(Xogv 

s 

Plugging in a distributional vector field (current) X = v^^x with support in x = Q'{s) G 
M for s G S*, where v^ G Tj-M, we obtain P'(s) = P{ip{s))J{'ijj){s). Since s E S was 
arbitrary, this implies P'fi = (P o ip)ip*fi = ip ■ (Pfi), showing the transitivity of the 
Diff(S') action on level sets of J^. ■ 
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Let Diff (M, A^) be the group of diffeomorphisms of M fixing pointwise the sub- 
manifold A^ of M. It is a Lie group with Lie algebra X{M,N), the Lie algebra of all 
vector fields vanishing at points of N. The group Diff (M, A^) acts from the left on 
the vector space of 1-forms on M along N, i.e. on the space of sections r(T*M|7v), by 
{ip ■ P){x) = P{x) o Txip~^. This makes sense since f{x) = x for all x & N. 

The infinitesimal action of X(M, A^) on r(T*M l^v) can be written as 

X-P = -£xP = -WxP-Po^X = -Po\/X, (5.4) 

where VX is any covariant derivative of the vector field X, all the points in A^ being 
zeros of X. 

Remark 5.3 Note that if P G T{T*M\n), then P/i G T* Emb(A^, M), where i : N -^ M 
the inclusion and /i a fixed volume form on A^. It is easy to see that the action of the 
subgroup Diff (M, A^) C Diff (M) introduced above is the restriction of the cotangent 
hfted action of Diff (M) on T* Emh{N, M). 

Given a 1-form a G Q^{N), we consider the afiine subspace 

T^{T*M\n) := {P G T{T*M\^) : P\tn = a} C T{T*M\^), 

with directing linear subspace the conormal bundle to the submanifold A^ of M 

To{T*M\m) = {P G r(T*M|^) : P\tn = 0}. 

One observes that ra{T*M\M) is an invariant submanifold for the Diff (M, A^) action on 
r(T*M|7v)- Another invariant submanifold is the open subset r(T*M|Ar)^ of sections in 
r(T*M|jv) which are everywhere on A^ non-zero. Therefore, their intersection 

r^{T*M\^r := {P G r(T*MU)' : P\tn = «} , 

is also a Diff (M, A^) invariant submanifold of r(T*M Itv) and we have the following result. 

Lemma 5.4 For any a G Q^{N), the action of the group Diff(M, A^) on the manifold 
rQ,(T*M|jv)^ is infinitesimally transitive. Moreover, the action is transitive on connected 
components ofVci{T*M\N)^. 

Proof. We fix a Riemannian metric M and denote by V, jj, and || || the Levi-Civita 
covariant derivative, the sharp operator, and the norm associated to the Riemannian 
metric, respectively. We identify the tangent space of the afiine subspace Va{T*M\M) at 
an arbitrary point P G Ta{T*M\M)^ with the conormal bundle Tq{T*M\m). 

Taking into consideration the infinitesimal action (5.4), we need to show that given 
P G V^{T*M\nY, for every P' G ro(T*M|^) there exists X G X{M,N) such that 
P' = P o WX. We will find the vector field in the form X = fY, where / G J^{M) 
vanishes on A^, and Y G X(M) restricted to the submanifold A^ is P". 

Consider the section 

A:=^Gro(T*M|;v), 
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where ||P(x)||^ 7^ because P{x) 7^ for all x & N. Lemma 4.2 can be applied to 
the restriction of A to the normal bundle over the submanifold N G M (viewed as a 
tubular neighborhood of N) because the restriction of A to TN vanishes. We obtain 
from A a function / on the normal bundle E, linear on each fiber, with the property 
that the differential of / along A^ is A, i.e. (d/)|Ar = A as sections of T*M\n- Using the 
tubular neighborhood E oi N we build a smooth function on M, identical to / on a 
neighborhood of A^, also denoted by /. 

We define X = fY e X(M, N). The computation 

(vx)|;v = (/vr)|;v + ((d/)F)k = (d/)uyu = AP« 

implies that 

P o (VX)I^ = Po (AP») = A||Pf = P'. 

This ensures the infinitesimal transitivity of the X(M, A^) action on ra{T*M\i^)^ . 

For the transitivity we consider Pq and Pi in the same connected component of 
Ta{T*M\Ny. Let Pt be a curve in r„(T*M|Ar)^ connecting them, and let A G ro(T*A'/|Ar^ 
be its derivative. From the infinitesimal transitivity above we get Xt G X(M, A^) with 
Pt = XfPt- Since the construction of the vector field involves only the Riemannian met- 
ric, tubular neighborhoods and extensions, the vector fields Xt can be chosen smoothly 
dependent on t. Let ipt G Diff (M, A^) be the isotopy starting at the identity defined 
by the time dependent vector field Xt G X{M,N). Then Pt = ipt ■ Pq, in particular 
Pi = (fii ■ Pq, and this solves the transitivity. ■ 

Using this lemma, we obtain below the analogue of Proposition 5.2 for the right 
momentum map. 

Proposition 5.5 The left action of the diffeomorphism group Diff(M) on connected 
components of the level sets of the right momentum map 3r : T* Emb(S', M)^ — )■ X(S')* 
is transitive. In particular the action is infinitesimally transitive on the level sets of Jji. 

Proof. Let Pj be a smooth path connecting two arbitrary elements Pq and Pi in the 
same connected component of a level set of J/j. Let Qt = vr o P^ G Emb(S', M). By the 
transitivity of the Diff (M) action on connected components of the manifold of embed- 
dings, there exists a smooth path (pt G Diff(M) such that Qt = ^Pt ° Qo [Hirsch(1976)]. 
Hence all y^^^ ■ Pt G T*Emb(S', M)^ have the same footpoint Qq. Moreover, since 
Jji is invariant under the Diff (M) action, the smooth path (/?J~^ ■ Pt connects Pq and 
P2 = ipi^ ■ Pi in the same level set of Jr. This means that for any vector field X G j£(5'). 



Po ■ (TQo oX)i2= / P2 ■ (TQo o X)fi. (5.5) 

5 Js 

Elements in TX^ Emb(S', M)^ can be viewed as sections in r(T*M|Ar) for A^ = Qo{S). 
We conclude from\5.5) that PqIttv = ^2!™ =: « G fi^(A^), so Po,P2 G r„(T*M|^)^. 
They belong to the same connected component of ra{T*M\f^)^ because we can write 
Lf^^ ■ Pt instead of P2 in (5.5). By the transitivity property in Lemma 5.4, we get a 
diffeomorphism ip2 G Diff (M, A^) such that P2 = ip2- Pq- Now Pi = (/?i ■ P2 = {ipi o (^2) ■ Po 
shows the requested transitivity of the Diff (M ) action. ■ 

Using the transitivity results obtained in Propositions 5.2 and 5.5, together with 
Proposition 2.1, we obtain below the main result of this section. 
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Theorem 5.6 The restriction of the weak dual pair for EPDiff equation to the open 
subset T* Emb(S', M)^ of the regular part 0/ T* Emb(S', M), with canonical symplectic 
form, is a dual pair. 

6 A map between dual pairs 

We now turn our attention to the special case when the symplectic manifold involved in 
the ideal fluid dual pair is a cotangent bundle endowed with the canonical symplectic 
form. Recall from Remark 4.6 that in this case, since the symplectic form is exact, the 
central extension of 3iex{S,^) is not needed to get a well defined momentum map J/j : 
J^{S,T*M) — )■ Xex{S,fi)*. We will show that in this case there is a natural symplectic 
map that relates both the Euler and the EPDiff dual pair constructions. 

Given a manifold S with volume form /i, we have the natural vector bundle auto- 
morphism 

$ : T{S, T*M) -^ T*T{S, M), $(P) := Pfi, (6.1) 

covering the identity on J^{S,M), whose image is the regular part of T*J-'{S, M). De- 
noting by 71 : T*M — )■ M the cotangent bundle projection, we have Pfi G TqJ^{S, M) 
where Q = n o P. The pairing with a tangent vector Vq in TqF{S, M) = T{Q*TM) is 
given by 

{Pfi, Vq) = f P{VQ)li. 
JS 

On T*J^{S, M) we consider the canonical symplectic form Q = — d6'jr(s',M); where 
Ojr(^s,M) is t^^ canonical 1-form on the cotangent bundle T*J^{S,M). On J^{S,T*M) we 
take the symplectic form uj = — d^jv/ determined via the bar map from the canonical 
symplectic form u = —dO^ on T*M, where 6m is the canonical 1-form on the cotangent 
bundle T*M. 

Lemma 6.1 The vector bundle automorphism $ : {J^{S,T*M),uj) — )■ {T*J^{S,M),Q) 
is a symplectic map. 

Proof. It is enough to check that ^*6t(s,m) = ^m- For this let P G T{S, T*M) and Vp 
a tangent vector at P, i.e. a vector field on T*M along P. Then 

(<5*^.F(5,Af))(Vp) = e:p(^sMT'^i^p)) = ('^(^),r(7r^(5,M) o $)(Vp)> 

= / P(T7r o Vp)/i = /^M(Vp)/i = 4/(Vp), 
Js Js 

where vr : T*M — )■ M and 'Kj^{s,m) '■ T*J^{S, M) — )■ J-'(5', M) are canonical projections, 
so (7r^(5,A/)0$)(i') = vroP. ■ 

The relation between the ideal fluid dual pair and the EPDiff dual pair is presented 
in the next theorem. 
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Theorem 6.2 The weak dual pair (J^, Jjj) for Euler equation involving a cotangent 
bundle and the weak dual pair (J/^, J/j) for the EPDiff equation are related by the com- 
mutative diagram 

J^{T*M)* -^ J^(^, T*M) ^^ Xex(^, /i)* 



T*j^{s,M) "^^ -^ x{sy 



where the linear map X{S)* — )■ Xex{S, /i)* is dual to the inclusion Xex{S, /i) — )■ X{S) and 
the linear map J^{T*M)* — )■ X(M)* is dual to the canonical map 



V : X(M) ^ ^(r*M), P(X)K) := (a,,X(x)). 
Moreover, all arrows in this diagram are formally Poisson maps. 



(6.2) 



Proof. Let P E J^{S,T*M), X E X(M) and X^ E XexiS,fx). The commutativity of 
the left diagram foUows from the equalities 

(J^($(P)),X) = (jaP/i),X)^ = ^ / P(X o Q);, (tf^ /(P(X)oP)/, 

Js Js 

= {h{P),V{X)). 
The commutativity of the right diagram follows from the equalities 

(Ji,($(P)),X,) = (JH(P/i),X,) ^ = ^ [ P{TQoX^)fi 

Js 



L 



P(T7r o TP o X„)/i = / 9M{TPoX^)fi 



ix.(P*^Af)/i= / P*^A/Ada 



P*u;Aa^'=^J^X^),X,). 



The horizontal maps in the diagram are formally Poisson maps, since they are equiv- 
ariant momentum maps. The vertical maps, except $, are dual to Lie algebra homo- 
morphisms {V is a Lie algebra homomorphism) , so they are Poisson maps. That $ is 
Poisson follows from Lemma 6.1. ■ 

Remark 6.3 (compatibility of the actions) Since the map $ is a symplectic diffeo- 
morphism, one can write the EPDiff dual pair on J^{S,T*M) and obtain the diagram 









J^(5,T*M) 



x{My 



x{sy. 
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Since both dual pairs are now defined on the same space, we can ask whether or not the 
left (resp. right) actions involved in both dual pairs are compatible. It is clear that the 
right action of Diffex(>S', /i) associated to the ideal fluid dual pair is compatible with the 
right action of Diff (5) associated to the EPDiff equation. It is worth pointing out that 
the same compatibility holds for the left actions. Indeed, the cotangent-lifted left action 
of Diff(M) on the regular cotangent bundle J-'{S,T*M) of J^{S,M) yields the action 
of a subgroup of canonical transformations of T*M. Thus, the group action producing 
the left-leg of the EPDiff dual pair can be considered as the action of a subgroup of 
Hamiltonian diffeomorphisms, which in turn produces the left-leg momentum map ideal 
fluid dual pair 3l. 

A Appendix 

A.l The hat calculus 

Differential forms on the Frechet manifold J-'{S, M) of smooth functions on a compact 
/c-dimensional manifold S can be obtained in a natural way from pairs of differential 
forms on M and S by the hat pairing. In this Appendix we present the functorial 
properties of the hat pairing [Vizman(2009)]. 

Hat pairing. Let ev : S x J^{S, M) — )■ M be the evaluation map ev(s, /) = f{s), and 
pr : 5" X J^{S, M) — 7- S the projection on the first factor. A pair of differential forms 
u G QP{M) and a G Q'^{S), with p + q > k, determines a differential form a; ■ a on 
J^{S, M) by the fiber integral over S of the {p + g)-form (ev* uj A pr* a) on S' x F{S, M): 



u ■ a = -+ ev* UJ A pr* a. (A.l) 

Js 

In this way one obtains a bilinear map called the hat pairing: 

QP{M) X Vf^iS) -^ QP+''-''{T{S, M)), (w, a) ^ clT^. 

For example, the hat pairing of differential forms on M with the constant function 
1 G n^{S) is the transgression map cu G fiP(M) ^ ^ev*a; G nP-''{J'{S, M)). 

Remark A.l (Fiber integration) Recall that, given a compact /c-dimensional man- 
ifold S and a manifold P, the fiber integration over S assigns to /3 G f2'^(S' x P), ra > A;, 
the differential form ^ /? G VL^~^{P) defined by 



n—kr 

S J Js 



I3]{p)=l3,e A"-^T*P, for all p e P, 



where the A"-^T;P- valued fc-form /3p G Vt^ [S, K'^-^P) is defined by 

(/3,(.) («!,..., «9,t;; A ■■■A<-'=>:=/3(.,p)((0.,t;;),...,(0.,<-'=),(w,\ Op),..., («^ Op)) 

for all u{ G TgS and v'^^ G TpP. We refer to [Greub, Halperin, and Vanstone(1972)] 
for more informations about fiber integration. Note that in formula (A.l), P is the 
infinite dimensional manifold J^{S^ M) and /3 is the {p + g)-form (ev* uo A pr* a) G 
fiP+''(5x J^(^,M)). 

28 



An explicit expression of the hat pairing avoiding fiber integration is 

(c:r^)(/) (U}, ..., f/p-^) = f r (it;.+.- • • • ^uji^ ° /)) A a, (A.2) 

for f/), . . . t/J+^-'= G TfJ^{S, M). Here we denote by /*/?/ the "restricted pull-back" by 
/ of a section [if of f*{hJ^T*M) — )■ S*. Thus, /*/3/ is the differential ?n-forni on 5* given 
by 

{rPf){s){ul...,u^)=Pf{s){TJ{u\),...,TJ{u^)), for all u\eT,S. 

The fact that (A.l) and (A.2) provide the same differential form on J^{S,M) can be 
deduced from the identity 

(ev*a;)(s,/)((0„f/)),...,(0„t/f''),(ni,0j),...,(nJ,0^)) 

= (/* {^u^.->= ■ ■ ■ ^uj (^ ° /))) is) K, • • • , ^s) 

for f/), ... , f/J"'= G T^J^(5, M) and m], . . . , u'; G T,5. 

In the particular case when / is an embedding, / G Emb(5', M), then formula (A.2) 
simplifies. Indeed, since the action of X{M) is infinitesimally transitive on the open 
subset Emb(S', M) C J^{S, M) of embeddings, we can express u^^ at / G Emb(5', M) 
as 

(cJ^)(/) (t/i o /, . . . , [/,+,_, of)= f r (if/,^,_, . . . if/.c^) A a, (A.3) 

Js 

forallf/i,...,f/p+,_feGX(M). 

The next proposition follows from the known fact that differentiation and fiber inte- 
gration along a boundary free manifold S commute. 

Proposition A.2 The exterior derivative d is a derivation for the hat pairing, i.e. 

d(ar^) = (ck^a + (-l)P(ird^, (A.4) 

where u G Q^{M) and a G Q'^{S). In particular the hat pairing induces a bilinear map 
for de Rham cohomology spaces 

HP{M) X H^iS) -^ HP+'^-''{T{S,M)). 

Left Diff (M) action. The natural left action of the group of diffeomorphisms Diff (M) 
on J^{S, M) is <^(/) = (p o f. The associated infinitesimal action of X G X(M) is the 
vector field X on ^{3, M) given by 

X{f) = Xof, for all feJ^{S,M). 



The Jacobi-Lie bracket of two infinitesimal generators is [-^, ^] = [^;^]- 
Proposition A.3 Given uj G Vff'{M) and a G Qfl{S), the identities 

1. ip*ur^ = {{(p*uj) ■ a) 

2. £xuj'^ = {{£x^) ■ a) 

3. ixclT^ = {{ix^) ■ «) 

hold for all diffeomorphisms ip G Diff(M) and vector fields X G X(M). 
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Right Diff (S*) action. The natural right action of the diffeomorphism group Diff (S") 
on J^{S, M) is ip{f) = f o ip. The infinitesimal action of Z G X{S) is the vector field Z 
on J^{S, M) given by 

Z(/) = T/oZ, for all /G^(^,M). 

The Jacobi-Lie bracket of two infinitesimal generators is [^,^] = — [X, F]. 

Proposition A. 4 Given u G V[^{M) and a G Qfl{S), the identities 

1. %l)*ur~a = {u ■ (V^-i)*a) 

2. fguf^ = —{u) ■ £z<^) 

3. i^uT^a = (-l)P+i(c^r7^) 

hold for all diffeomorphisms ip G Diff(S') and vector fields Z G X{S). 

Bar map. When a volume form fi on the compact /c-dimensional manifold S is given, 
the bar map associates to each differential p-form w on M a differential p-form Co on 
J^{S, M) defined by 



^{f) 



(f/), . . . , t/J) = [ u{UJ,..., m) /i, for all U} G TfJ^{S, M), 
Js 



where u (Uj, . . . , U^) : s H- ujf(s) {Uj{s), . . . , t/?(s)) defines a smooth function on 5". 
Formula (A. 2) ensures that this bar map is just the hat pairing of differential forms on 
M with the volume form fi on S 



OJ = OJ ■ jJ 



-f ev*w Apr*/i- (A. 5) 

Js 



/^From the properties of the hat pairing presented in Propositions A. 3 and A. 2, one 
obtains the following properties of the bar map. 

Proposition A. 5 For any u G Qf{M), ip G Diff(M) and X G X(M), the following 
identities hold: 



1. ip*UJ = (p*UJ 



2. £xUJ = £x^ 



3. i^w = ixw 
4- doj = du. 



30 



A. 2 Momentum maps and nonequivariance 

We quickly review here some properties of momentum maps in order to fix our conven- 
tions (see [Marsden and Ratiu(1999)]). Let G be a Lie group acting canonically on a 
symplectic manifold (M, cu). We will denote hj m \-^ g ■ m, (resp. m ^^ m ■ g) a. left, 
(resp. right) action of G on M. Let ^m be the infinitesimal generator associated to the 
Lie algebra element ■C ^ 0- We say that the action admits a momentum map, denoted 
J : M — )■ g*, if J verifies 

d(J,e)=i5,,a;, for all ^ e fl, (A.6) 

where (J,0 denotes the function on M defined by (J,,^)(m) = (J(m),,^). 

Connected symplectic manifold. When M is connected, the nonequivariance co- 
cycle c : G — 7- g* is defined by 

c{g) := 3{g ■ m) — Ad*-i J(m), resp. c{g) := J(m ■ g) — Ad* J(m), 

where m & M can be chosen arbitrarily. Taking the derivative of c at the identity, one 
obtains the Lie algebra 2-cocycle cr : g x g — )• M, 

(^{^,V) = i^d^^v]) -^{^m,Vm) , resp. a{^,ri) = - {3,[^,r]]) - uj {^m,Vm) ■ (A.7) 

The cohomology class of the nonequivariance cocycles c and a does not depend on the 
choice of the momentum map. 

The momentum map J is said to be equivariant when c = 0, and infinitesimally 
equivariant when a = 0. When J is infinitesimally equivariant, then it is a Poisson map 
relative to the symplectic bracket on M and the (+) (resp. (— )) Lie-Poisson bracket on 
g* given by 

'SI Sf 

iFioTa (A.6) we see the momentum map depends only on the Lie algebra action. 
Note that if there is no underlying Lie group action, we can still define the 2-cocycle a 
and the concept of infinitesimal equivariance is still well-defined. 

The 2-cocycle a can be used to produce an infinitesimally equivariant momentum 
map. It suffices to consider the Lie algebra central extension g = g © M of g, with Lie 
bracket [{C,,a), (//,&)] = {[C,,v]^^i.^yV))- Indeed, the induced Lie algebra action of g on 
M admits the infinitesimally equivariant momentum map J : M — )■ g* given by 

J(m) = (J(m),-1), resp. J(m) = (J(m), 1). (A.8) 

Nonconnected symplectic manifold. We consider the case of a Hamiltonian left 
action, the right actions can be treated in a similar way. There is a H^{M)-valued Lie 
algebra cocycle a on g measuring the nonequivariance of the momentum map: 

a(e,r/)(m) = (J(m), [^,^]) - co {^m,Vm) (m), Vm G M. (A.9) 



31 



{f,9}± = ±(/^, 



/,^e^(g* 



One sees that d(cr(^,?7)) = 0, so the cocycle a takes indeed values in H^{M) = ker(d : 

To each point m E M one associates an element [m\ G Hq{M) defined with the help 
of the duality pairing by (/, [m]) = f{m) for all / G H^{M). Choosing one point in each 
connected component of M, one gets a basis of Hq[M). 

Proposition A. 6 Let q denote the central extension of Q by H^{M) defined by a. Its 
dual is identified with q* © Hq{M). The induced Lie algebra action of g on M admits 
the infinitesimally equivariant momentum map 

3:M^Q*, J(m) = (J(m),-[m]) Gg*©i/o(M). (A.IO) 

As seen in the previous paragraph, for each connected component of M, we get a 
1-dimensional central extension of g with equivariant momentum map. A characteristic 
Lie algebra 2-cocycle for this extension is {a, [m]), where m is an arbitrary point in 
this connected component. There are special cases when it is possible to find "smaller" 
central extensions of q admitting equivariant momentum maps on whole M : 

Proposition A. 7 Assume that the H^{M)-valued non-equivariance cocycle a can be 
written in the form a = T o ctt, where T : V ^ H^{M) is a linear map and o"r is 
a V -valued 2-cocycle on g. Let Qt be the central extension of q by V defined with the 
cocycle (Tt- Then the infinitesimal action of Qt (inherited from q) admits an equivariant 
momentum map 

Jt : M ^ 0^ = 0* © V\ JtM = (J(m), -T*([m])) . 



References 

[Arnold(1966)] Arnold, V. I. [1966], Sur la geometrie difFerentielle des groupes dc Lie dc dimension 
infinie et ses applications a rhydrodynamique des fluidcs parfaits, Ann. Inst. Fourier, Grenoble, 
16, 319-361. 

[Banyaga(1997)] Banyaga, A. [1997], The Structure of Classical Diffeomorphism Groups, Kluwer Aca- 
demic Publishers. 

[Camassa and Holm(1993)] Camassa, R. and D. D. Holm [1993], An intcgrablc shallow water equation 
with peaked solitons, Phys. Rev. Lett. 71(11), 1661-1664. 

[Cushman and Rod(1982)] Cushman, R. and D. Rod [1982], Reduction of the semisimple 1:1 resonance, 
Physica D 6, 105-112. 

[Gay-BalmaZ; Tronci, and Vizman(2010)] Gay-Balmaz, F., C. Tronci, and C. Vizman [2010], Geodesic 
flows on the automorphism group of principal bundles, Preprint 

[Golubitsky and Stewart(1987)] Golubitsky, M. and I. Stewart [1987], Generic bifurcation of Hamilto- 
nian systems with symmetry, Physica D 24, 391-405. 

[Greub, Halperin, and Vanstone(1972)] Greub, W., S. Halperin, and R. Vanstone [1972], Gonnections, 
curvature and cohomology, Vol. I, Pure and Applied Mathematics 47, Academic Press, New 
York-London. 

[Haller and Vizman(2004)] Haller, S. and C. Vizman [2004], Non-linear Grassmannians as coadjoint 
orbits, Math. Ann. 329, 771-785. 

32 



[Hirsch(1976)] Hirsch, M. W. [1976], Differential topology, Graduate Texts in Math. 33, Springer. 

[Holm and Marsdcn(2004)] Holm, D. D. and J. E. Marsdcn [2004], Momentum maps and measure- 
valued solutions (pcakons, filaments and sheets) for the EPDiff equation, in The Breadth of 
Symplectic and Poisson Geometry, A Festshrift for Alan Weinstein, 203-235, Progr. Math., 232, 
J. E. Marsden and T. S. Ratiu, Editors, Birkhiiuser Boston, Boston, MA, 2004. 

[Holm and Tronci(2008)] Holm, D. D. and C. Tronci [2008], Geodesic flows on semidirect-product Lie 
groups: geometry of singular measure-valued solutions, Proc. R. Soc. A 465 (2102) 457-476. 

[Holm and Tronci(2009)] Holm, D. D. and C. Tronei [2009], The geodesic Vlasov equation and its 
integrable moment closures, J. Geoni. Mech. 2, 181-208. 

[Ismagilov(1996)] Ismagilov, R. S. [1996], Representations of infinite- dimensional groups, Translations 
of Mathematical Monographs 152, American Mathematical Society, Providence, RI. 

[Ismagilov, Losik, and Michor(2006)] Ismagilov, R. S., M. Losik, and P.W. Michor [2006], A 2-cocycle 
on a group of symplectomorphisms, Moscow Math. J. 6, 307-315. 

[Iwai(1985)] Iwai, T. [1985], On reduction of two degree of freedom Hamiltonian systems by an S^ 
action, and 5*00(112) as a dynamical group, J. Math. Phys. 26, 885-893. 

[Lichnerowicz(1974)] Lichnerowiez, A. [1974], Algebre de Lie des automorphismes infinitesimaux d'une 
structure unimodulaire, Ann. Inst. Fourier 24, 219-266. 

[Kriegl and Michor(1997)] Kriegl, A., and P. W. Michor [1997], The Convenient Setting of Global Anal- 
ysis, Mathematical Surveys and Monographs 53, American Mathematical Society, Providence, RI. 

[Kostant(1970)] Kostant, B. [1970], Quantization and unitary representations. Lectures in modern anal- 
ysis and applications III, 87-208, Lecture Notes in Math. 170, Springer, Berlin. 

[Marsden(1987)] Marsden, J. E. [1987], Generic bifurcation of Hamiltonian systems with symmetry, 
appendix to Golubitsky and Stewart, Physica D 24, 391-405. 

[Marsden and Ratiu(1999)] Marsden, J. E. and T. S. Ratiu [1999], Introduction to mechanics and sym- 
metry. Second Edition, Springer. 

[Marsden and Weinstein(1983)] Marsden, J. E. and A. Weinstein [1983], Coadjoint orbits, vortices, and 
Clebsch variables for incompressible fluids, Phys. D 7 , 305-323. 

[Ortega and Ratiu(2004)] Ortega, J. -P. and T. S. Ratiu [2004], Momentum maps and Hamiltonian 
reduction, Progress in Mathematics (Boston, Mass.) 222 Boston, Birkhauser. 

[Roger(1995)] Roger, C. [1995], Extensions centrales d'algcbres et de groupes de Lie de dimension 
infinie, algebre de Virasoro et generalisations. Rep. Math. Phys. 35. 225-266. 

[Souriau(1970)] Souriau, J.-M. [1970], Structure des systemes dynamiques, Dunod, Paris. 

[Vizman(2009)] Vizman, C. [2009], Natural differential forms on manifolds of functions. Preprint. 

[Vizman(2010)] Vizman, C. [2010], Lichnerowiez cocycles and central Lie group extensions, accepted 
in An. Univ. Vest Timi., Ser. Mat. -Inform. 

[Weinstein(1983)] Weinstein, A. [1983], The local structure of Poisson manifolds, J. Diff. Geom. 18, 
523-557. 



33 



